I -INTRODUCTION M a r t e n s i t i c t r a n s f o r m a t i o n can be d e s c r i b e d as t h e s e l f generated f i n i t e d e f o r m a t i o n of t h e l a t t i c e . The second o r d e r e l a s t i c constants a r e d e f i n e d as t h e second d e r i v a t i v e o f t h e d e f o r m a t i o n energy w i t h r e s p e c t t o t h e d e f o r m a t i o n parameter o f t h e l a t t i c e . Hence, t h e anomaly o f t h e second o r d e r e l a s t i c c o n s t a n t s a s s o c i a t e d w i t h t h e m a r t e n s i t i c t r a n s f o r m a t i o n may be expected. The combination o f e l a s t i c cons t a n t s , C'=(C11-C12)/2, o f some a l l o y s such as In-Ta i s known t o decrease as t h e temperature approaches Ms, t h e m a r t e n s i t i c t r a n s f o r m a t i o n s t a r t temperature, i t s t i l l s t a y s p o s i t i v e a t Ms. Then, t h e q u e s t i o n a r i s e s why t h e l a t t i c e deforms i t s e l f , w h i l e t h e second o r d e r e l a s t i c c o n s t a n t i s d e f i n i t e l y p o s i t i v e . I t must be remembered t h a t t h e second o r d e r e l a s t i c c o n s t a n t s o n l y g i v e t h e t e s t c r i t e r i o n f o r t h e s t a b i l i t y o f t h e l a t t i c e w i t h r e s p e c t t o t h e i n f i n i t e s i m a l and u n i f o r m deformation. The c r i t e r i o n f o r t h e s t a b i l i t y o f t h e l a t t i c e w i t h r e s p e c t t o t h e i n f i n i t e s i m a l and non-uniform d e f o r m a t i o n i s g i v e
n by t h e phonon d i s p e r s i o n r e l a t i o n s h i p . The d i f f u s i o n -l e s s second o r d e r s t r u c t u r a l t r a n s f o r m a t i o n observed i n such c r y s t a l s as SrTi03 o r BaTiOg has been e s t a b l i s h e d t o be due t o t h e anomaly i n t h e phonon d i s p e r s i o n r e l a t i o n s h i p , t h e phonon frequency o f a s p e c i f i c wave v e c t o r and p o l a r i z a t i o n become z e r o as t h e temperature approaches t h e c r i t i c a l temperature: f r e e z i n g of a s o f t phonon. However, i n t h e case o f m a r t e n s i t i c t r a n s f o r m a t i o n , t h e search f o r a s o f t phonon has always y i e l d e d n e g a t i v e answers /1,2,3/.
A c c o r d i n g l y , t h e t e s t c r i t e r i o n f o r t h e s t a b i l i t y o f t h e m a r t e n s i t i c a l l o y must n o t be t h e one f o r t h e i n f i n i t e s i m a l d e f o r m a t i o n b u t t h e one f o r t h e f i n i t e deformation, u n i f o r m o r non-uniform. T h i s i s considered t o be c o n s i s t e n t w i t h t h e f a c t t h a t t h e l a t t i c e d e f o r m a t i o n a s s o c i a t e d w i t h t h e m a r t e n s i t i c t r a n s f o r m a t i o n always has a f i n i t e magnitude.
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The c r i t e r i o n f o r t h e s t a b i l i t y o f the l a t t i c e w i t h respect t o a f i n i t e deformation i s obtained by studying how t h e l a t t i c e energy increases w i t h the deformation and by comparing t h e maximum value o f t h e deformation energy w i t h a thermal f l u c t u a t i o n energy o r w i t h a s t r a i n energy associated w i t h l a t t i c e defect. Clapp has c a r r i e d out t h e l a t t e r procedure and introduced the idea o f t h e s t r a i n spinodal /4/. I n t h i s section, t h e s t a b i l i t y o f t h e l a t t i c e w i t h respect t o a hypothetical uniform m a r t e n s i t i c transformation i s studied.
Suppose t h a t every atom which i s o r i g i n a l l y l o c a t e d a t (~1 .~2~~3 ) i s displaced by (ul,u2,u3) .
The displacements (ul,u2,u3) are defined i n terms o f the transformation m a t r i x aij and the transformation parameter E~ as f o l l o w s :
The usual summation convention w i t h respect t o t h e coordinate s u f f i x e s i s assumed i n Eq. (2.1) as w e l l as i n the r e s t o f the paper. When E~= O , the transformation parameter represents t h e parent phase. When ~~r 1 , i t represents t h e m a r t e n s i t i c phase. When O<E,<~, i t represents t h e intermediate s t r u c t u r e between t h e parent phase and t h e m a r t e n s i t i c phase. Equation (2.1) w i t h a given m a t r i x am.. defines a hypothetical uniform martensitic. transformation. For example, the BaihJdeformation from t h e B.C.C. s t r u c t u r e t o the F.C.C. s t r u c t u r e i s defined i n terms o f the f o l l o wi n g transformation m a t r i x a. . The deformation energy per u n i t volume i s given by the continuum e l a s t i c i t y theory i n terms o f the s e r i e s expansion o f the Lagrangian deformdtion parameter qij and t h e second CijkR and higher order e l a s t i c constants Cijkemn---as follows:
where t h e Lagrangian deformation parameter i s defined as
The Lagrangian deformation parameter f o r the hypothetical uniform martensi t i c transformation i s c a l c u l a t e d by i n s e r t i n g Eq.(2.1) i n t o Eq.(2.4). I t i s given by By i n s e r t i n g Eq.(2.5) i n t o Eq.(2.3), the deformation energy per u n i t volume can be c a l c u l a t e d f o r any intermediate s t a t e between t h e parent phase and t h e m a r t e n s i t i c phase, i f the second and a l l the higher order e l a s t i c constants are known. Although the t h i r d order e l a s t i c constants have been measured f o r some metals and a l l o y s , the higher order e l a s t i c constants than f o u r t h are r a r e l y measured.
One o f the ways t o circumvent t h i s d i f f i c u l t y i s t o use the pseudopotential t o c a l c u l a t e t h e binding energy f o r the intermediate s t r u c t u r e . This approach has been a p p l i e d f o r Na and
the h e i g h t o f t h e energy b a r r i e r between the B.C.C. s t r u c t u r e and t h e F.C.C. 
A reasonable c o n j e c t u r e about t h e b e h a v i o r o f t h e d e f o r m a t i o n energy A F ( E~) f o r t h e
h y p o t h e t i c a l u n i f o r m m a r t e n s i t i c t r a n s f o r m a t i o n w i l l be made by use o f t h e f o l l o w i n g expression:
The f a c t o r s c o n t a i n i n g u i j ' s a r e chosen so t h a t t h e e x p r e s s i o n i s e x a c t f o r t h e h y p o t h e t i c a l u n i f o r m m a r t e n s i t i c d e f o r m a t i o n as f a r as O<cO<<l. The f a c t o r c o n t a i ni n g E and B i s chosen i n such a way t h a t t h e e x p r e s s i o n has minima a t cO=O and c O = l . 
6) i s reduced t o Thus, t h e h e i g h t o f t h e b a r r i e r d e f o r m a t i o n energy ( p e r u n i t volume) between t h e B.C.C. s t r u c t u r e and t h e F.C.C. s t r u c t u r e i s g i v e n as t h e maximum between E=O and E=l:
For t h e B a i n d e f o r m a t i o n which conserves volume, a f / a b = 3 f l . Then, t h e h e i g h t o f t h e b a r r i e r ( p e r u n i t volume) between t h B.C.C. and F.C.C. s t r u c t u r e when t h e energy o f b o t h s t r u c t u r e s i s equal, (corresponding @=2), i s e s t i m a t e d t o be I n t h i s s e c t i o n , t h e v a l u e o f t h e h e i g h t o f t h e d e f o r m a t i o n energy b a r r i e r i s e s t i m a t e d f o r t h e h y p o t h e t i c a l u n i f o r m m a r t e n s i t i c t r a n s f o r m a t i o n . Any c r y s t a l does n o t t r a n s f o r m u n i f o r m l y i n a macroscopic scale. The h e i g h t o f t h e d e f o r m a t i o n energy b a r r i e r f o r u n i t volume i s enormously l a r g e compared w i t h t h e thermal f l u c t u a t i o n energy a t room temperature, 3 0 0 k~. However, t h e h e i g h t o f t h e d e f o r m a t i o n energy b a r r i e r p e r u n i t c e l l i s n o t l a r g e and sometimes even s m a l l e r t h a n 3 0 0 k~. I f one does n o t know how many u n i t c e l l s t r a n s f o r m s simultaneously, one cannot know which d e f o r m a t i o n energy b a r r i e r should be compared w i t h t h e thermal f l u c t u a t i o n energy o r w i t h t h e s t r a i n energy a s s o c i a t e d w i t h l a t t i c e d e f e c t . I n o r d e r t o s o l v e t h i s problem, i t becomes necessary t o c a l c u l a t e t h e d e f o r m a t i o n energy i n c r e a s e assoc i a t e d w i t h t h e f i n i t e non-uniform deformation. T h i s i s c a r r i e d o u t i n t h e n e x t s e c t i o n .
I 1 1 -FINITE NON-UNIFORM MARTENSITIC TRANSFORMATION I n s t e a d o f t h e h y p o t h e t i c a l u n i f o r m martensi t i c t r a n s f o r m a t i o n d e f i n e d by Eq. (2.11, t h e non-uniform m a r t e n s i t i c t r a n s f o r m a t i o n d e f i n e d b y i s used t o c a l c u l a t e t h e deformation energy. This i s e s s e n t i a l l y equal t o the t r i a l f u n c t i o n used by Green and Cahn i n t h e i r unpublished work. The material o f t h i s section i s based on t h e unpublished work by M. Green and J.W. Cahn. The deformation energy increase p e r ' u n i t volume due t o the non-uniform martensi t i c transformation can be estimated i n t h e continuum approximation by c a l c u l a t i n g the Lagrangian deformation parameters (2.4) from t h e displacement defined by Eq. (3.1) and i n s e r t i n g them i n t o Eq.(2.3).
The Lagrangian deformation parameter i s where ci=Xi/A. I n s e r t i n g (3.2) i n t o (2.3) and i n t e g r a t i n g over t h e t o t a l volume o f the specimen which contains the whole area a f f e c t e d by the non-uniform m a r t e n s i t f c transformation defined by Eq.(3.1), we o b t a i n where t h e e x p l i c i t expressions f o r f21,f22,f23,f31,---kan be w r i t t e n down b u t they are n e i t h e r necessary nor useful, because the numerical values o f higher order e l a s t i c constants a r e n o t known experimentally. What i s e s s e n t i a l i s the f u n c t i o n a l dependence o f the i n t e g r a l on A and c0. When A+-, the displacement defined by
Eq. (3.1) i s reduced t o t h e h y p o t h e t i c a l uniform martensi t i c transformation defined by Eq. (2.1). Accordingly, the i n t e g r a t e d expression o f Eq. (3.3) should be essent i a l l y i d e n t i c a l t o Eq.(2.3).

I t should have a maximum f o r a c e r t a i n value o f E
and then decrease f o r f u r t h e r increase o f E, i f the displacement defined by Eq.(3.1)
represent the m a r t e n s i t i c transformation. Hence, the i n t e g r a t e d expression o f S i m i l a r l y , t h e behavior o f t h e f r e e energy as shown i n Fig. 1 
should be a t l e a s t q u a l i t a t i v e l y r i g h t except t h e r e g i o n where A becomes t h e o r d e r o f t h e l a t t i c e spacing. Hence, i t i s concluded t h a t t h e s t a b i l i t y o f t h e l a t t i c e w i t h r e s p e c t t o t h e f i n i t e deformation a s s o c i a t e d w i t h t h e m a r t e n s i t i c t r a n s f o r m a t i o n should be estimated f r o m t h e b a r r i e r h e i g h t f o r t h e h y p o t h e t i c a l u n i f o r m
deformation p e r u n i t c e l l . Accordingly, a t l e a s t some cases o f t h e B.C.C+F.C.C. m a r t e n s i t i c transformat i o n , t h e deformation energy b a r r i e r i s d e f i n i t e l y s m a l l e r than t h e thermal f l u c t u at i o n energy. The q u e s t i o n why t h e m a r t e n s i t i c t r a n s f o r m a t i o n can be f i r s t o r d e r even i n such a case i s discussed i n t h e f o l l o w i n g s .
Zener has p o i n t e d o u t t h a t t h e B.C.C. c o n f i g u r a t i o n i s a s o r t o f saddle p o i n t conf i g u r a t i o n between t h e F.C.C o r another c l o s e packed c o n f i g u r a t i o n s /6/. The deformation energy b a r r i e r from t h e 5.C.C t o t h e F.C.C. s t r u c t u r e i s expected t o be small from t h e p i c t u r e i n Zener's book. The d i s c u s s i o n i n t h e p r e v i o u s paragraph i n d i c a t e s t h a t i t i s l e s s t h a n t h e thermal f l u c t u a t i o n energy a t l e a s t f o r some o f t h e B.C.C. metal and a l l o y s .
I n o t h e r words, t h e B.C.C. c o n f i g u r a t i o n i s maintained s o l e l y because of t h e l a r g e v i b r a t i o n a l entropy. When a l a t t i c e takes t h e B.C.C c o n f i g u r a t i o n , atoms i n t h e l a t t i c e have a f i n i t e p r o b a b i l i t y o f t a k i n g b o t h B.C.C and F.C.C. microscopic c o n f i g u r a t i o n s . These c o n f i g u r a t i o n s o f atoms corresponds t o t h e e x c i t a t i o n o f t h e l a r g e amp1 i tude-non-1 i n e a r -t r a n s v e r s e l a t t i c e waves. The s t a t i s t i c a l mechanics o f t h e n o n -l i n e a r t r a n s v e r s e l a t t i c e wave has been formulated by Krumhansl and S h r i e f f e r i n t h e i r s o l i t o n model / 7 / . The s o l i t o n i s p i c t u r e d as a t r a n s i t i o n r e g i o n between two e q u i v a l e n t s t r u c t u r e s . I n t h e above cases, t h e s o l i t o n should be t h e t r a n s i t i o n r e g i o n between t h e two s t a b l e F.C.C. c o n f i g u r a t i o n s .
This i s e x a c t l y t h e t w i n i n t h e m a r t e n s i t i c phase. The f o r m u l a t i o n o f t h e t w i n s t r u c t u r e i n terms o f a model, which i s now i d e n t i f i n e d as t h e Sine-Gordon s o l i t o n equation, has been c a r r i e d o u t by Frenkel and Kontrova / 8 / .
However, one m o d i f i c a t i o n i s necessary b e f o r e t h e s o l i t o n model o f Krumhansl and S h r i e f f e r (K-S s o l i t o n model ) i s a p p l i e d t o t h e B.C.C.+F.C.C.
m a r t e n s i t i c t r a n sformation. Because t h e two n e i g h b o r i n g s t a b l e c o n f i g u r a t i o n s a r e assumed t o have equal p o t e n t i a l energy and these c o n f i g u r a t i o n s a r e arranged i n a l i n e a r chain, t h e s t r u c t u r a l t r a n s f o r m a t i o n cannot t a k e p l a c e a t a f i n i t e temperature as discussed i n t h e t e x t o f Landau and L i f s c h i t z /9/. I n o t h e r words, e i t h e r . o f t h e t w i n cannot be s t a b l e except a t t h e a b s o l u t e zero temperature.
I n o r d e r t o remedy t h i s s i t u a t i o n , t h e symmetric double w e l l p o t e n t i a l i n t h e K-S s o l i t o n model i s r e p l a c e d by t h e asymmetric double w e l l p o t e n t i a l . The Hamiltonian o f t h e model used f o r t h e study of t h e m a r t e n s i t i c t r a n s f o r m a t i o n i s g i v e n by Here, m i s t h e mass o f t h e atom i n t h e model and E i n d i c a t e s t h e s t r e n g t h o f t h e b i a s f i e l d . I t i s t o be n o t i c e d t h a t when E=O, t h e assymmetric p o t e n t i a l o f Eq.(4.1) i s reduced t o t h e symmetric doublewell p o t e n t i a l w i t h a minimum a t Ui =O and another a t Ui=l.
The p a r t i t i o n f u n c t i o n f o r t h i s model Z i s g i v e n as a p r o d u c t o f t h e k i n e t i c energy p a r t Zp and t h e c o n f i g u r a t i o n a l energy p a r t Zu. The k i n e t i c energy p a r t Zp i s g i v e n by where N i s t h e t o t a l number o f atoms i n t h e model and k i s t h e Boltzman constant. The c o n f i g u r a t i o n a l energy p a r t Zu i s g i v e n as t h e lowegt eigenvalue o f t h e f o l l o wi n g t r a n s f e r i n t e g r a l equation: I n conclusion, t h e m a r t e n s i t i c t r a n s f o r m a t i o n i s proposed t o be understood as t h e s t a b i l i z a t i o n process o f s o l i t o n s , which e x i s t i n t h e h i g h temperature as t h e nonl i n e a r l a t t i c e v i b r a t i o n s and become t h e t w i n boundaries a f t e r s t a b i l i z e d . The c e n t r a l peaks on t h e n e u t r o n i n e l a s t i c s c a t t e r i n g experiment have a l r e a d y been proposed t o be a s s o c i a t e d w i t h t h e presence o f s o l i t o n s . The n o n -l i n e a r i n t e r n a l f r i c t i o n experiment, t h e automodulation phenomena, has been observed i n m a r t e n s i t i c a l l o y s and has been i n t e r p r e t e d t o t h e t w i n n i n g process a s s o c i a t e d w i t h t h e martens i t i c t r a n s f o r m a t i o n /15/.
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